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Hi, I'm Vincent .



Hi, I'm Vincent .

« Finished my Bachelor’s and Masters at Ghent University in 2017
« Moved to Cambridge (UK) straight after to work for a startup PROWLER.io
o Started my PhD at Cambridge University in 2020

e Senior ML researcher at Secondmind.ai
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Outline

The talk will consist of two parts:

1. A tutorially overview of energy-based models, and how this has led to
diffusion models.

2. Diffusion models for stochastic processes.

Credits to Yang Song, Michael Hutchinson, and Arnaud Doucet for some of the images and slide material.
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Generative modelling

e Given: dataset {®;}! ,

« Goal: fit a model pg(@) to the data distribution

unit gaussia
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(neural net)
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image space

image space

Illustration generative modelling (from: openai.com)
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Energy-based models
A density defined through an energy function Uy : R — R:

e—Ue(a:)

p@(w) — ZQ )

We can fit this energy function by maximising the log likelihood:

N
0" = 1 ;
m@auxizz1 og po(x;)

I Intractable normalizing constant: Zg = fRd e U@ de.
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Score function
Modelling the density through the score function

Vi logp(e) ~ sg(x).

The score does not depend on the normalizing constant. Let p(z) = Q(;)
q(z) _
V., log 7 = V.logq(z) — V;log Z
=0
p.d.f. score

0.35} [

0.30f \ 5t

0.25F ~ [

Dlzo_ |||||||||| I — L 1 K
-10 -5 : 5 40

0.15F Hn [

0.10f ”-\ -5r|:

0.05}

7137



Langevin dynamics
Theorem 1 The density of &; ast — oo for the SDE

de, = Vlogp(x,;)dt + V2dW;,

is given by p(@), where W} is standard Brownian motion.
Euler-Marayuma

First-order discretization of continuous SDE. For a small stepsize v we can

Ty =z + 7V logp(xy) + \/§Zk, zy, ~ N(0,91)
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Fisher divergence

We can train score-based models by minimizing the Fisher divergence between
the model and the data distributions

Eye) ||V logp(x) — so()||?].

» Infeasible because it requires access to the unknown data score.

e Score-matching: Hyvérinen ( ), Vincent ( ), Song et al. ( )
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Using Langevin dynamics to sample from a mixture of two Gaussians. (from: Yang Song)
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Naive score-based generative modeling

8 n

Data samples
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SG(X) ~ Vi logp(X)
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Langevin
dynamics

New samples

Score-based generative modeling with score matching + Langevin dynamics. (from: Yang Song)
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Pitfalls

Data scores Estimated scores

Data density

I' v ‘. ‘. .

'Illl‘\\\l

 Score is badly estimated in low-density areas

 Langevin dynamics has slow mixing rates
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Multiple noise levels

»»»»»»»»
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Gaussian noise to perturb the data distribution

Song and Ermon (2019) suggest to perturb data points such that they populate
low data density regimes.
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Markov chain

(.

xr), which gives

Forward
K-1
p(xo:x) = po(To) H Pr+1fk(Tk+1|Tk)
k=0
Backward

p(@ox) = pr(zx) || Prrsr(@rlria)

where pgi41(2x|2r41) is unknown but can be obtained with Bayes’ rule.
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Generative modelling with multiple noise levels

Let

Po = Pdata

Choose

pk+1\k(wk+1’wk) = NM(xpp1 |0y, (1 — a2)1)

such that for large enough K we have

Pr = pref = N(0,1).
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Backward transition

1. For sampling we need the reverse kernel py|x11, given through Bayes’ rule

Prti1lk(Trt1|Tr)pr(Tr)

Pik+1 (mk+1)

pk|k+1(wk\wk+1) =

which is unfortunately intractable!

2. Using a Taylor approximation one can show

Pkt (@klzin) = N (242 = @)pis + (1 - o) VIEPRAEER), (1 — o)1)

3. Approximate score with neural net sg(®r1,k+ 1) =~ Vlogpri1(xr1).

4. Sampling start with g ~ pye f(a: &) and then uses the reverse kernel

z, = (2 —a)ep + (1 —a?)sg(zpe, k+ 1)+ (1 — a)e e ~ N(0,I).
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Score

The score V log pi (@) is required but analytically unavailable. However, using

pu(@r) — / p(@0)io(@sleo)do

it follows

Viogpr(®r) = Eayp(|ay) [V 10gpko(ﬂ3k!mo)fﬂ3k}

A conditional expectation can be written as a regression problem (by
definition), which gives

V log py(x)) = argming Ey, 4, [Hse(wk) — Vo, 10gpk|o(€'3k1330)H2}
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nnealed Langevin Dynamics

Q

oise Conditional Score Network (NCSN) by Song and Ermon (2019)

enoising Diffusion Probabilistic Models (DDPM) by Ho, Jain, and
eel (2020)

Q

Celeb A CIFAR-10
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Perturbing data with an SDE in continuous time

From a (large) discrete set of noise scales — continuous number.

—— Stochastic process

Forward SDE runs

The SDE can be written as
dwt — f(wta t)dt + g(t)dwta Lo ~~ Pdata

where f and g are the drift and diffusion terms, and W}, is standard Brownian
motion. Heuristically, you can think of it as “dW /dt ~ N (0, d¢t)”.
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Reversing the SDE for sample generation

—— Reverse stochastic process

Generating data following the reverse SDE

Reverse process (Nelson’s duality)
dz; = [f(xs,t) — ¢°(t) Ve logpi(x)|dt + g(t)dW,, x7 ~ pr

where dt represents a negative infinitesimal time step ast =T — 0.
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Generative modelling by approximating the reverse process

Exact reverse process
de; = [f(x:,t) — g°(t) Ve logpe(x) |dt + g(t)dW:, @1 ~ pr

Generative model
de; = [f(zt,t) — g°(t)se:(®e,8) | dt + g(t)dW i, @1 ~ Drey

The score is learned using score-matching, similar to before

0* = argming |Ez, 2,||so(x¢,t) — Vg, 10gpt|0(wt\w0)\’2}

For OU processes p4jo(®¢|®0) can analytically be computed using the Fokker-
Planck equations and leads to simple expression of the form

puo(@il@o) = N (e, (1 — ¢ 2)I)
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Continuous-time denoising — Song et al. (2021)

Data Forward SDE Prior Reverse SDE Data

z(0) dz = f(z,t)dt + g(t)dw )@— dz = [f(z,t) — ¢*(t)V. log pi(2)] dt + g(t)dw

po(z) P () > pr(z) pi(z) > po(z)

Forward-Reverse

« Continuous-time formulation generalizes the discrete approaches.

« Log-likelihood computations log pg(x) (not shown here).
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Neural Diffusion Processes

VD, Alan Saul, Zoubin Ghahramani and Fergus Simpson, Arxiv ( )
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Motivation

« Diffusion models have been used on different data modalities:

MMMW\VW\%W AR

Qdata 330) q $1|5’30 $2|$1 diffusion process $T|$T 1)

./\Q/@ ...... @\/@

_ Ieverse process
po(xo|z1) g po(x1|z2) o(zr—1|2T) Dlatent(ZT)

A\ P AL WWMWMWMW
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Perturbing function-values using OU process
Let X € R™? and y(X) € R¥, we define the forward noising process as

1
dy:(X) = — Eyt(X)dt + dW,

Our random variable {yt}fzo is now a function which depends on inputs X.

Using Fokker-Planck, we can compute the marginal density in closed-form for
for this process

Po(y:(X)yo(X)) = N (&™), (1 — e 1)
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Forward process

t=0.00
o

t=0.17
o

t=0.38

t=0.65
o

t=1.00

—ll.D —clr.5 O.IO 015 l.IO —ll.D —(2:.5 O.IO 0:5 l.lﬂ —ll_D —6.5 O.IO 0:5 l.l(}
Forward NDP process

27 137



Reverse process

Generative model

de; = [f(@:,t) — g°(t) sg= (¢, t) | At + g(t)AW,
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Learning the score

The minima of the Fisher divergence can be shown to be equivalent to

0" = argmingE,, . [Hse(yty X,t) = Vy, 10gpt|0(yt‘y0)”2}

@ Time embedding @ Element-wise addition @ Broadcasting — B: batch N: num. data D: dimension H: latent dim

...................................................................................................

R > N m
it L

ense |

- €9
(B,N,H] Q|[B,N,1]
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w2
- —
[B,N,D,2] & [B,N,D,H]

Preprocess

> PR Multi-Head

t——@) .2 2, |AttentionN
(8,11 ~ [B,128] & ER NP

Score network architecture

Encode properties of stochastic processes in score network sy:

« dimensionality invariance

« exchangeability
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Predictions

We use an algorithm similar to the one used for image inpainting by Lugmayr
et al. (2022).

This allows us to condition samples on observed data:

Gaussian Processes
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Experiment: Capturing non-Gaussian posteriors

Consider the following distribution over functions. Let a ~ U|—1, 1] then

f(z) =0.0if x < a, else 1.0
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Experiment: Image Regression

Learning complex covariances from data.

-
!
»
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True Image Context

F
3

Sample 1 Sample 2 Sample 3 Sample 4
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Thank you for your attention.
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